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WEIERSTRASS WEIGHT OF THE HYPEROSCULATING
POINTS OF GENERALIZED FERMAT CURVES
RUBE´N A. HIDALGO AND MAXIMILIANO LEYTON-A´LVAREZ
Abstract. Let (S,H) be a generalized Fermat pair of the type (k, n). If
F ⊂ S is the set of fixed points of the non-trivial elements of the group H,
then F is exactly the set of hyperosculating points of the standard embedding
S →֒ Pn. We provide an optimal lower bound (this being sharp in a dense open
set of the moduli space of the generalized Fermat curves) for the Weierstrass
weight of these points.
1. Introduction
The geometry of hyperbolic closed Riemann surfaces can be described via dif-
ferent objects: complex projective algebraic curves, Fuchsian and Schottky groups,
Jacobian varieties, etc. Also, important to each Riemann surface is its group of
conformal automorphisms as those surfaces with a non-trivial group of conformal
automorphisms determine the branch locus in the moduli space. In genus at least
four the branch locus coincides with its topological singular locus [8]. Correspon-
dence between these different descriptions are, in the general situation, only ex-
istential; most of the known classic examples for which this is explicitly done are
rigid, that is, they have no moduli (they correspond to those Riemann surfaces with
a large group of conformal automorphisms). Some correspondences are also known
for the case of cyclic n-gonal curves (including the case of hyperelliptic Riemann
surfaces). Generating families of Riemann surfaces where these different descrip-
tions are concretely known is not an easy problem. Nevertheless, having them may
help to understand the geometry of the moduli spaces of curves. In this paper we
study an interesting family of non-hyperelliptic Riemann surfaces, called general-
ized Fermat curves, where these different descriptions have been studied and a good
understanding of them have been achieved; see for instance [1, 2, 3, 7].
A closed Riemann surface S is a called a generalized Fermat curve of the type
(k, n), where k, n ≥ 2 are integers, if it admits a group H ∼= Znk of conformal au-
tomorphisms so that the quotient orbifold S/H has genus zero and exactly (n+ 1)
conical points, each one necessarily of order k. In this case, the group H (re-
spectively, the pair (S,H)) is called a generalized Fermat group (respectively, a
generalized Fermat pair) of type (k, n). As a consequence of the Riemann-Hurwitz
formula, it can be seen that S has genus
gk,n :=
kn−1((n− 1)(k − 1)− 2) + 2
2
.
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In [2] it was proved that, for n = 3 and k ≥ 3, a generalized Fermat curve of the
type (k, n) has a unique generalized Fermat group of type (k, n) and later, in [7], as
long (k−1)(n−1) > 2 (equivalently, gk,n > 1), this uniqueness property was proved
to be true in general. This fact asserts that the moduli space of generalized Fermat
curves of the type (k, n) can be identified with the moduli space of orbifolds of
genus zero with (n+ 1) cone points, each one of order k. In particular, generalized
Fermat curves of type (k, n) provide a (n−2) complex dimensional family inside the
moduli space of surfaces of genus gk,n (those of type (k, 2) are exactly the classic
Fermat curves of degree k). Also, this facilitates the computation of the extra
automorphisms of a generalized Fermat curve (see the proof of Corollary 9 of [3]).
Let (S,H) be a generalized Fermat pair of type (k, n), where (k− 1)(n− 1) > 2.
A representation of S as an algebraic curve and an uniformizing Fuchsian group
was provided in [3] and, for k a prime integer, an isogenous decomposition of its
Jacobian variety was obtained in [1]. In fact, if the orbifold S/H is uniformized by
the Fuchsian group Γ ∼= 〈x1, ..., xn+1 : xk1 = · · ·xkn+1 = x1 · · ·xn+1 = 1〉, then its
derived subgroup Γ′ is torsion free, it uniformizes S and H corresponds to Γ/Γ′.
This, in particular, asserts that S is a maximal Abelian branched covering space
of the orbifold S/H . Let ρ : S → Ĉ be a regular branched cover whose deck
group is H . Up to post-composition by a suitable Mo¨bius transformation, we may
assume the branch values of ρ to be given by∞, 0, 1, λ1, . . . , λn−2. Then, (S,H) is
isomorphic to the pair (Ck(λ1, ..., λn), H) (by abuse of notation we use H in both
contexts), where
(1) Ck(λ1, ..., λn−2) :=


xk0 + x
k
1 + x
k
2 = 0
λ1x
k
0 + x
k
1 + x
k
3 = 0
...
...
...
λn−2x
k
0 + x
k
1 + x
k
n = 0


⊂ Pn,
and H is generated by the restrictions of the linear transformations
ϕj([x0 : · · · : xj : · · · : xn]) := [x0 : · · · : wkxj : · · · : xn], where wk := e 2piik .
The set of fixed points of ϕj in C
k(λ1, ..., λn−2) is Fix(ϕj) := Fj∩Ck(λ1, ..., λn−2),
where Fj is the hyperplane {xj := 0} ⊂ Pn. Set F := ∪nj=0Fix(ϕj) = Fix H . In
this algebraic model, ρ([x0, ..., xn]) = −(x1/x0)k. The above produces an analytic
embedding S →֒ Ck(λ1, ..., λn−2) ⊂ Pn, called the standard embedding of the gen-
eralized Fermat curve S. In [7] it was observed that the set hyperosculating points
of such standard embeddings is F ; in particular, these are Weierstrass points of S.
The Weierstrass points are important in the geometry of Riemann surfaces, and
in general the determination of all these points together their respective weights
remains a difficult problem, including for classically known curves. In the case of
the classic Fermat curves (that is, n = 2), in 1950 Hasse [6] computed the Weier-
strass weight of the hyperosculating points. Leopoldt observed that for k ≥ 5 the
points [1 : α : k
√
2β], [1 : k
√
2β : α] and [ k
√
2 : β : αβ], were α (resp. β) is a k-th
root of 1 (resp. −1) are 3k2 new Weierstrass points of the Fermat curve (for more
information see Rohrlich’s article [9]). In 1999 Watanabe [11] showed that in the
case k = 6 additional Weierstrass points exist. The Weierstrass weight of points
fixed by involutions in the case k ∈ {9, 10} was obtained by Towse in [10].
In this work we study the Weierstrass weight of the hyperosculting points of the
standard embedding of generalized Fermat curves of type (k, n) when (k−1)(n−1)
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2. We provide an optimal lower bound (this being sharp in a dense open set of the
moduli space of the generalized Fermat curves) for the Weierstrass weight of these
points.
2. Preliminaries
2.1. Moduli of generalized Fermat curves. Let F(k, n) be the locus, in the
moduli spaceMgk,n of curves of genus gk,n, formed by all the (classes) of generalized
Fermat curves of type (k, n). The space F(k, n) is isomorphic to the moduli space
M0,n+1 of the unordered (n + 1) punctured sphere (see section 4.2 of [3]). Let us
consider the affine variety (in fact, a domain in Cn−2)
Pn := {(λ1, ..., λn−2) ∈ (C− {0, 1})n−2 | λi 6= λj} ⊂ Cn−2.
To each (λ1, ..., λn−2) ∈ Pn we associate the (n+1)-tuple (γ1, γ2, γ3, γ4, ..., γn+1) =
(∞, 0, 1, λ1, ..., λn−2). Given an element σ ∈ Sn+1, the permutation group of
n+ 1 elements, we can form the (n + 1)-tuple (γσ−1(1), γσ−1(2), ..., γσ−1(n+1)). Let
Tσ ∈ PSL(2,C) be the unique Mo¨bius Transformation satisfying Tσ(γσ−1(1)) =∞,
Tσ(γσ−1(2)) = 0, and Tσ(γσ−1(3)) = 1, and set
σ · (λ1, . . . , λn−2) = (Tσ(γσ−1(4)), ..., Tσ(γσ−1(n+1)) ∈ Pn.
The above provides an action of Sn+1 as a group of holomorphic automorphisms
on Pn
Sn+1 × Pn → Pn; (λ1, . . . , λn−2) 7→ σ · (λ1, . . . , λn−2).
The above action is faithful for n ≥ 4. For n = 3 there is a subgroup iso-
morphic to Z22 acting trivially on P3. In [3] it was observed that two generalized
Fermat curves Ck(λ1, ..., λn−2) and C
k(µ1, ..., µn−2) are isomorphic if and only
if (λ1, . . . , λn−2) and (µ1, . . . , µn−2) are in the same Sn+1-orbit. This, in par-
ticular, permits us to realize the moduli space F(k, n) as a geometric quotient
Pn/Sn+1, that is, as a complex (affine) variety and that the canonical projection
map Π : Pn → Pn/Sn+1 is an open morphism.
2.2. Hyperosculating points. Next, we will briefly review the general theory of
the Plu¨cker formulas in the case of smooth curves. The purpose of this is not to
review extensively the theory, but to present a self contained overview of the parts
of the theory relevant to us. All the results presented in this section can be found in
[4]. Let C ⊂ Pn be a projective smooth curve. For a l-plane P ⊂ Pn, 1 ≤ l ≤ n− 1,
the multiplicity of P in p is
multp(P ∩ C) := Order of contact of P and C in p.
It is known that, for each p ∈ C, there exists a unique l-plane, called the oscu-
lating l-plane and denoted by P(l, p), such that multp(P(l, p)∩C) ≥ l+1, and that
there exists at most a finite number of points p ∈ C such that multp(P(l, p)∩C) >
l+ 1. We say that p ∈ C is a hyperosculating point if
multp(P(n− 1, p) ∩ C) > n.
Remark 1. If C is a non hyperelliptic curve of genus g ≥ 3, then the hyperoscu-
lating points of the canonical embedding of C →֒ Pg−1 are exactly its Weierstrass
points.
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As the l-planes of Pn are in bijective correspondence with the dimension (l+ 1)
vector subspaces of Cn+1, we can define the functions
fl : C → G(l + 1, n+ 1); p 7→ P(l, p),
where G(l+ 1, n+ 1) is the corresponding Grasmannian manifold.
Let f0 : C → Pn be the natural embedding defined by the inclusion C ⊂ Pn,
and let us consider a local chart z : U ⊂ C → W ⊂ C, z(p) = 0, around the point
p ∈ C. Then there exists a neighborhood W ′ ⊂ W of 0, and a holomorphic vector
function
v :W ′ → Cn+1\{0} : z 7→ v(z) := (v0(z), v1(z), ..., vn(z)),
such that
f0(z) = [v0(z) : v1(z) : · · · : vn(z)], for all z ∈W ′.
Let us consider the holomorphic vector function
w :W ′ → ∧l+1Cn+1 : z 7→ w(z) := v(z) ∧ v′(z) ∧ · · · ∧ v(l)(z).
There exists an integerm ≥ 0 such that w(z)/zm is a holomorphic vector function
which does not vanish in a neighborhood W ′′ of z = 0. By abuse of notation, we
may say that [w(z)] ∈ P(∧l+1Cn+1) for all z ∈W ′′.
Using the Plu¨cker coordinates, it is possible to see G(l+1, n+1) as a subvariety
of P(∧l+1Cn+1) and that
fl(z) = [v(z) ∧ v′(z) ∧ · · · ∧ v(l)(z)], for all z ∈ W ′′.
In particular, the maps fl are holomorphic and independent of the parametriza-
tion v(z) chosen. The curves Cl := fl(C), 0 ≤ l ≤ n − 1 are called the associated
curves of C. Let us define the following integers:
• bl(p); the ramification index of fl : C → Cl at the point p ∈ C.
• bl =
∑
p∈C bl(p); the total ramification index of fl : C → Cl.
• dl; the number of osculating l-planes of C which intersects a generic (n −
l − 1)-plane of Pn. Observe that d0 is simply the degree of the curve.
The following proposition establishes a relationship between the hyperosculating
points of C and the ramification indexes of the maps fl : C → Cl.
Proposition 2. The point p ∈ C ⊂ Pn is a hyperosculating point if and only if∑n−1
l=1 bl(p) ≥ 1.
In the case of generalized Fermat curves, in [7] (See Theorem 7) the ramification
indexes were explicitly computed, which allows us to determine the hyperosculating
points. The following theorem will be useful for this purpose.
Theorem 3 (Plu¨cker Formulas). If C ⊂ Pn is a curve of genus g, then
dl+1 − 2dl + dl−1 = 2g − 2− bl, for all 1 ≤ l ≤ n− 1,
where d−1 = dn = 0.
2.3. A computational method. We proceed to describe a method for computing
bl(p). Keeping the notations as above, let z be a local chart around the point p ∈ C
and, in local charts,
f0(z) = [v0(z) : v1(z) : · · · : vn(z)].
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Making linear changes of coordinates, it is possible to prove that there exists
ϕ ∈ Aut(Pn) ∼= PGL(n+ 1,C) such that
ϕ(f0(z)) = [1 : z
1+α1 + · · · : z2+α1+α2 + · · · : · · · : zn+α1+···+αn + · · · ].
This is called the normal form of f0 in p. By abuse of notation, we will identify
ϕ(f0(z)) with f0(z). It is possible to verify that the integers αj , 1 ≤ j ≤ n, only
depend on f0 and the point p ∈ C, and neither on the chosen local chart z, nor the
vector function v(z), nor the automorphism ϕ.
Proposition 4. In the above,
bl(p) := αl+1, 0 ≤ l ≤ n− 1.
In particular, as C is a smooth curve, α1 = 0.
Remark 5. If C is a non-hyperelliptic curve of genus g ≥ 3 and C →֒ Pg−1 is a
canonical embedding, then
ai = i+
i−1∑
j=1
αj , 1 ≤ i ≤ g,
are the gap values of p. In other words, a1, . . . , ag are the only g integers where
there does not exist a meromorphic function of C with a pole of order ai at the
point p and holomorphic on C − {p}.
2.4. The natural regular branched coverings of the generalized Fermat
curves. Let us start with the following general fact (which will be used later)
regarding the generalized Fermat curves.
Remark 6. Let us consider a generalized Fermat curve of type (k, n) with its respec-
tive standard embedding Ck(λ1, ..., λn−2)


/ Pn , and a rational map (denoted
by the dotted line) ψ : Pn 99K Pm. If there exists 0 ≤ i < j ≤ n such that the
linear projective space L(i,j) := {[x0 : · · · : xn]|xi = xj = 0} contains the locus of
indeterminacy of the rational map, then (as the intersection Ck(λ1, ..., λn−2)∩L(i,j)
is the empty set) the restriction of ψ to Ck(λ1, ..., λn−2),
Ck(λ1, ..., λn−2)


/
))
Pn //❴❴❴ Pm ,
is a well defined morphism.
Let us consider the rational map
π : Pn 99K Pn−1 : [x0 : · · · : xn] 7→ [x0 : · · · : xn−1].
As the locus of indeterminacy of π is the point [0 : · · · : 0 : 1] ∈ L(0,1) ⊂
Pn, then (by Remark 6) the restriction of π to Ck(λ1, ..., λn−2) is a well defined
morphism. Additionally, π(Ck(λ1, ..., λn−2))) = C
k(λ1, ..., λn−3) (when n = 3, this
image curve is the classic Fermat curve Ck). By abuse of notation we denote by
π : Ck(λ1, ..., λn−2) → Ck(λ1, ..., λn−3) the restriction of π to Ck(λ1, ..., λn−2).
Note that the restricted map π, is a regular branched covering whose deck covering
group is the cyclic group generated the automorphism
ϕn([x0 : · · · : xn]) := [x0 : · · · : e 2piik xn],
so its branch values are the images of the kn−1 fixed points of ϕn. This map π is
compatible with the embeddings of the Fermat curves into projective spaces. The
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quotient group H/〈ϕn〉 ∼= Zn−1k is the generalized Fermat group of type (k, n− 1)
of Ck(λ1, ..., λn−3). The k
n−1 fixed points of each ϕj (j = 0, . . . , n) are permuted
under the action of ϕn (fixing none of them), and this set is projected under π to
the set of kn−2 fixed points of the quotient class of ϕj . This map will be used to
obtain an inductive approach to our problem.
3. Hyperosculating points of generalized Fermat curves
In this section we restrict our attention to generalized Fermat curves. Keeping
the notations fixed at the beginning of the Section 2.1, recall that Ck(λ1, ..., λn−2)
is a generalized Fermat curve of the type (k, n), and that F := FixH .
If p ∈ F , then, by using linear substitutions in the system of equations, we may
assume that p ∈ Fix(ϕ1), that is,
p := [1 : 0 : ρ1 : ρ2 : · · · : ρn−1],
where ρki = −λi−1, 1 ≤ i ≤ n− 1 (with λ0 = 1).
Let f0 : C
k(λ1, ..., λn−2)→ Pn be the standard embedding defined by the inclu-
sion Ck(λ1, ..., λn−2) ⊂ Pn.
The next theorem describes the hyperosculating points of Ck(λ1, ..., λn−2) and
the ramification indexes.
Theorem 7 ([7]).
(1) The set of hyperosculating points of Ck(λ1, ..., λn−2) is F .
(2) If p ∈ F , then b1(p) = k − 2 and bl(p) = k − 1, l ∈ {2, . . . , n− 1}.
A consequence of the above is the following.
Corollary 8. Let z be a local chart of Ck(λ1, ..., λn−2) around the point p ∈
Ck(λ1, ..., λn−2). Then the normal form of f0 in z(p) := 0 is given as follows.
(1) If p ∈ F , then
f0(z) = [1 : z : g0(z
k) : g1(z
k) : · · · : gi(zk) : · · · : gn−1(zk)],
where the gi are holomorphic functions such that gi(z) = z
i+1 + · · · .
(2) If p 6∈ F , then
f0(z) = [1 : z : z
2 + · · · : · · · : z(n−1) + · · · ].
3.1. The Weierstrass weight of the hyperosculating points of generalized
Fermat curves. Let us keep the notations from the previous sections. Given a
curve C, the Weierstrass weight of p ∈ C is
w(p) :=
g∑
i=1
(ai − i),
where the ai are the Weierstrass gaps of p (see Remark 5).
In general, the computation of w(p), when p is a Weierstrass point (which is to
say w(p) > 0), is not an easy problem. Theorem 7 asserts that the hyperosculating
points of the generalized Fermat curve Ck(λ1, ..., λn−2) are exactly the points in
the set F . We will determine an optimal lower bound for the weight of these points
and observe that this bound is sharp in a dense open set of the moduli space of the
generalized Fermat curves of type (k, n).
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First, we fix some notations. Let I(Ck(λ1, ..., λn−2)) := 〈xk0+xk1+xk2 , ..., λn−2xk0+
xk1 + x
k
n〉 be the homogeneous prime ideal of Ck(λ1, ..., λn−2) in C[x0, ..., xn], let
Γ(Ck(λ1, ..., λn−2)) := C[x0, ..., xn]/I(C
k(λ1, ..., λn−2)) be the homogeneous coor-
dinate ring of Ck(λ1, ..., λn−2), and let OPn(m), m ∈ Z, be the twisting sheaf; for
m ≥ 0 the sheaf OPn(m) is generated by the forms of degree m of C[x0, ..., xn].
Let us consider the sheaf over Ck(λ1, ..., λn−1) given by
OCk(λ1,...,λn−2)(m) := f⋆0OPn(m),
where f0 : C
k(λ1, ..., λn−2) →֒ Pn is the natural embedding of the generalized
Fermat curves. To simplify the notation, when it is clear that we are referring to
the sheaf OCk(λ1,...,λn−2)(m) we will simply use the notation O(m). Observe that
H0(Ck(λ1, ..., λn−2),O(m)) = Γ(Ck(λ1, ..., λn−2))m, where Γ(Ck(λ1, ..., λn−2))m
are the forms of degree m of Γ(Ck(λ1, ..., λn−2)).
As I := I(Ck(λ1, ..., λn−2)) is a homogeneous prime ideal, we have that I =⊕
m≥0 Im and Γ(C
k(λ1, ..., λn−2)) =
⊕
m≥0C[x0, ..., xn]m/Im, where Im are the
forms of degree m of I (observe that I0 = · · · = Ik−1 = 0). In particular we have a
surjective linear transformation
C[x0, ..., xn]m → Γ(Ck(λ1, ..., λn−2))m = C[x0, ..., xn]m/Im (⋆)
If P(Γ(Ck(λ1, ..., λn−2))m) denotes the projective space associated to the vector
space Γ(Ck(λ1, ..., λn−2))m, then the linear transformation (⋆) induces an embed-
ding
P(Γ(Ck(λ1, ..., λn−2))m) ⊂ P(C[x0, ..., xn]m) ∼= Pd(m),
where d(m) =
(
n+m
m
)−1. In fact we can realize P(Γ(Ck(λ1, ..., λn−2))m) as a linear
projective space of Pd(m).
If C is an algebraic curve, then we denote by ωC its respective canonical sheaf.
When given the context it is clear that we are referring to a curve C, we use the
notation ω in place of ωC .
As ω ∼= OCk(λ1,...,λn−2)(r), r := (n− 1)(k− 1)− 2, ([5, page 188]), the Veronesse
map of degree r, νr : P
n → Pd(r), permits us to obtain the canonical embedding fc.
Ck(λ1, ..., λn−2)


f0
/
fc:=νr◦f0
--
Pn //❴❴❴
νr
33P(Γ(Ck(λ1, ..., λn−2))r)


/ Pd(r).
Remark 9. To define the rational maps Pn //❴❴❴ P(Γ(Ck(λ1, ..., λn−2))r) it is
necessary to fix a basis B of the vector space Γ(Ck(λ1, ..., λn−2))r). Observe that
for (k, n) 6= (2, 5) the rational map is a well defined morphism. As for (k, n) 6=
(2, 5) we have that r 6= k, there exists a basis B of Γ(Ck(λ1, ..., λn−2))r) such that
xr0, ..., x
r
n ∈ B. In the case (k, n) = (2, 5) we can suppose that x20, x21 ∈ B.
The normal form of f0 in p ∈ F (Corollary 8), will provide information about the
normal form of canonical embedding fc at p ∈ F . More precisely, as all elements
of p(x0, x1, ..., xn) ∈ Γ(Ck(λ1, ..., λn−2))m can be written uniquely in the form
p(x0, x1, ..., xn) =
k−1∑
j=1
xjnqj(x0, ..., xn−1),
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where qj(x0, ..., xn−1) ∈ Γ(Ck(λ1, ..., λn−2))m−j , it follows that the vector space
Γ(Ck(λ1, ..., λn−2))m has the following decomposition
Γ(Ck(λ1, ..., λn−2))m :=
k−1⊕
j=0
xjnQ(m− j),
where Q(m− j) ⊂ Γ(Ck(λ1, ..., λn−2))m−j .
Let us choose a basis v0(x0, ..., xn−1), · · · , vtj (x0, ..., xn−1) of the vector space
Q(r − j), where tj := dimCQ(r − j) − 1, and 0 ≤ j ≤ r − 1. Therefore we can
construct a rational map:
Pn //❴❴❴ P(Q(r − j)) : [x0 : x1 : · · ·xn] 7→ [v0 : v1 : · · · vtj ].
We may assume that v0(x0, ..., xn−1) := x
r−j
0 , and v1(x0, ..., xn−1) := x
r−j
1 . In
fact, if xr−j0 , x
r−j
1 are linearly dependent in Q(r − j), then there exists a ∈ C such
that xr−j0 + ax
r−j
1 ∈ I(Ck(λ1, ..., λn−2)). As I(Ck(λ1, ..., λn−2)) is a prime ideal,
there exists a′ ∈ C such that x0 − a′x1 ∈ I(Ck(λ1, ..., λn−2)), a contradiction since
I1 = 0. In thus way, we observe that the locus of indeterminacy of the above
rational map is contained in the linear space L(0,1) := {[x0 : · · · : xn]|xi = x1 = 0}.
By Remark 6, its restriction to Ck(λ1, ..., λn−2) is a well defined morphism, which
we denote by the symbol kj . In this manner we have constructed the following
diagram:
Ck(λ1, ..., λn−2)


/
kj
,,
Pn //❴❴❴ P(Q(r − j)) ,
The morphisms kj allow us to study the morphism fc at p ∈ F .
Now, as seen in Section 2.4, if we consider restriction of the rational map
π : Pn 99K Pn−1 : [x0 : · · · : xn] 7→ [x0 : · · · : xn−1]
to the generalized Fermat curve Ck(λ1, ..., λn−2), then we obtain the morphism (for
n = 3, the curve Ck(λ1, ..., λn−3) is the classic Fermat curve C
k)
π : Ck(λ1, ..., λn−2)→ Ck(λ1, ..., λn−3); [x0 : · · ·xn] 7→ [x0 : · · · : xn−1].
Observe that π is a Galois branched covering of degree k defined by quotienting
by the cyclic group of order k generated by the automorphism
ϕn([x0 : · · · : xn]) := [x0 : · · · : xn−1 : wkxn], wk := e 2piik .
In particular, the morphism π defined in the local chart z, around the point p,
is of the form
ζ := π(z) = zk.
By the construction, we may see that π factorizes the morphism kj , and we
obtain the following diagram
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(2) Ck(λ1, ..., λn−2)
π



//
kj
,,
P
n
π

✤
✤
✤
//❴❴❴❴❴❴ P(Q(r − j))
Ck(λ1, ..., λn−3)


//
gj
>>
Pn−1
66♠
♠
♠
♠
♠
♠
♠
Analogous to what we have previously seen, the locus of indeterminacy (this
can be empty set) of the rational map Pn−1 //❴❴❴ P(Q(r − j)) is contained in
L(0,1) := {[x0 : · · · : xn−1|x0 = x1 = 0}, so gj is a well defined morphism. To study
the morphism kj we strongly use the morphism gj.
The following result gives us the dimension of the Q(r − j).
Proposition 10. If s(r − j) := dimCQ(r − j), where r := (n− 1)(k − 1)− 2 and
0 ≤ j ≤ k − 1, then
s(r − j) = 1
2
kn−2((n(k − 1)− 2− 2j) + δk−1,j ,
where δk−1,j is the Kronecker delta.
Proof. Let us fix a generalized Fermat curve Ck(λ1, ..., λn−2), and consider the
generalized Fermat curve S′ = Ck(λ1, ..., λn−3) of type (n− 1, k). We note that
H0(S′,OS′(r − j)) ∼= Q(r − j).
Form ∈ Z, let h′(m) denote the dimension of the global section spaceH0(S′,OS′(m))
over C. Recall that ωS′ ∼= OS′((n− 2)(k− 1)− 2). By the Riemann-Roch Formula,
h′(−k + 1 + j))− h′(r′ − (−k + 1 + j)) = (−k + 1 + j)kn−2 −
(
kn−2r′ + 2
2
)
+ 1,
where r′ := (n−2)(k−1)−2. Since s(r−j) = h′(r′−(−k+1+j)) and h′(−k+1+j)) =
δk−1,j , we obtain the desired equality. 
Next, we estimate, from below, the weight of the points in F .
Theorem 11. Let p ∈ F and let w(p) be its weight. If n ≥ 3, then
ŵ(p) :=
1
24
(k − 1)(kn−1 − 2)(kn + kn−1 − 12) ≤ w(p).
Moreover, there exists a dense open set of F(k, n) where equality holds.
Remark 12. In the case of a generalized Fermat curve of the type (k, 2), k ≥ 4, (a
classic Fermat curve), it is known that (see [6, 9, 11]) the weight of a point p ∈ F
is w(p) = 124 (k − 1)(k − 2)(k − 3)(k + 4), which shows that equality in Theorem 11
holds for the classic case.
Before proving Theorem 11, we discuss two examples. In the first one we observe
that the equality, in the previous theorem, holds for a generalized Fermat curve of
type (2, 4) and in the second one we provide examples for which the bound is not
sharp.
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Example 13. Let C be a generalized Fermat curve of the type (k, n) = (2, 4), and
p be in F . As H0(C, ωC) ∼= H0(C,OC(1)) = C[x0, x1, x2, x3, x4]1 (forms of degree
1 of the polynomial ring C[x0, x1, x2, x3]), It follows that the map C
fc
// P4 is
the canonical embedding. Using the normal form of fc in p, we obtain that the
gap values of p are a1 = 1, a2 = 2, a3 = 3, a4 = 5, a5 = 7. In this way,
wˆ(p) = w(p) = 3. Observe that, by virtue of Theorem 7, in this case the Weierstrass
points are exactly the points of hyperosculation F .
Example 14. Consider the following generalized Fermat curve of the type (5, 3)
C5(−1) :=
{
x50 + x
5
1 + x
5
2 = 0
−x50 + x51 + x53 = 0
and p = [1 : 1 : − 5√2 : 0]. In this case, wˆ(p) < w(p). In Section 3.3 we provide a
proof of this fact.
3.2. Proof of Theorem 11. Because of Example 12, we only need to consider
n ≥ 3. Let us consider the generalized Fermat curve Ck(λ1, ..., λn−2), and p ∈ F .
Without loss of generality, we can suppose that p := [1 : ρ1 : ρ2 : · · · : ρn−1 : 0],
where ρki = −λn−2 − λi−2, λ−1 = 0, and λ0 = 1 (it suffices to use the linear
substitutions in the system of equations Ck(λ1, ..., λn−2)). Also, let us recall the
commutative diagram (2).
The set D(λ1, ..., λn−2) = π(Fix(ϕn)) ⊂ Ck(λ1, ..., λn−3), is the set of branch
values of the regular branched covering map π : Ck(λ1, ..., λn−2)→ Ck(λ1, ..., λn−3)
whose deck group is 〈φn〉 ∼= Zk. Define the sets
℧j := {(λ1, ...λn−2) ∈ M0,n+1 | D(λ1, ..., λn−2) ∩HjCk(λ1, ..., λn−3) = ∅},
℧ := ∩k−1j=0℧j ,
where HjC
k(λ1, ..., λn−3) is the set of hyperosculating points of the map
gj : C
k(λ1, ..., λn−3) →֒ P(Q(r − j)).
Lemma 15. For each j ∈ {0, . . . , k − 1}, the set ℧j is a dense open set of M0,n;
in particular, ℧ is also a non-empty dense open set.
Proof. Let us consider the set
℧
′
j := {(λ1, ...λn−2) ∈ Pn | D(λ1, ..., λn−2) ∩HjCk(λ1, ..., λn−3) = ∅}.
As Π : ℧′j → ℧j is an open surjective map (see section 2.1), it suffices to prove
that ℧′j is an open set in the domain Pn ⊂ Cn−2.
In the following, when we use the notation λˆi we suppose that the value of λi is
fixed.
Let us first verify that ℧′j is non-empty. Fix a point (λˆ1, ..., λˆn−3) ∈ Pn−1 and
consider the slice in Pn given by the points of the form (λˆ1, ..., λˆn−3, λn−2) ∈ Pn.
We proceed to prove that in such a slice only finitely many points cannot belong
to ℧j . For this fact, we only need to observe that the set
{q := π(p) ∈ Ck(λˆ1, ..., λˆn−3) | λn−2 ∈ C− {0, 1, λˆ1, ..., λˆn−3}, p ∈ Fix(ϕn)}
has infinitely many points and HjC
k(λˆ1, ..., λˆn−3) is a finite set.
Now, we proceed to check that ℧′j is open. Let us fix (λˆ0, ..., λˆn−2) ∈ ℧′j. Let
q′ ∈ D(λˆ0, ..., λˆn−3) be such that q′ 6∈ HjCk(λˆ1, ..., λˆn−3) and p′ ∈ Fix(ϕn) such
that π(p′) = q′.
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For each (λ1, . . . , λn−2) ∈ Pn, let us consider a point p ∈ Fix(ϕn) ⊂ Ck(λ1, ..., λn−2)
and set q = π(p). Observe that there are no technical problems in supposing that
(p, q) = (p′, q′) when (λ1, · · · , λn−2) = (λˆ1, · · · , λˆn−2). Recall that we may assume
p = [1 : ρ1 : · · · : ρn−1 : 0], where ρki = −λn−2 − λi−2, λ−1 = 0 and λ0 = 1.
If z is a local chart around p, z(p) = 0, then there exists a neighborhood Ωp ⊂ C
of 0, such that the map f0 : Ωp → Ck(λ1, ..., λn−2) ⊂ Pn, defined naturally by the
embedding Ck(λ1, ..., λn−2) ⊂ Pn, has the form
f0(z) = [1 : h1(z
k) : h2(z
k) : · · · : hn−1(zk) : z],
where hi(0) = ρi.
By the construction, there exists a local chart ζ of Ck(λ1, ..., λn−3) around the
point q := π(p), and a local parametrization
f˜0 : Ω
′
q ⊂ C→ Ck(λ1, ..., λn−3) ⊂ Pn−1 : ζ 7→ f˜0(ζ) = [1 : h1(ζ) : h2(ζ) : · · · : hn−1(ζ)].
Recall that the morphism π is defined in local charts as ζ = π(z) = zk. Ad-
ditionally, if we consider a Taylor expansion of the hi(ζ) we can observe that the
coefficients are analytic functions in the variables λ1, ..., λn−2.
Now let us consider the map gj : C
k(λ1, ..., λn−3)→ P(Q(r− j)). We note that,
using the local parametrization of f˜0(ζ) around the point q, a local parametrization
of gj around the point q can be found. Let gj(ζ) := [1 : h
′
1(ζ) : · · · : h′tj (ζ)] be
this local parametrization of gj, where tj := s(r − j) − 1 = dimCQ(r − j) − 1.
By construction the coefficients of h′i(ζ) are analytic functions in the variables
λ1, ..., λn−2.
Given a formal series l(ζ), let T l be the vector column formed by all the coeffi-
cients of the formal series l(ζ) until the grade tj . We consider the following analytic
function defined over Pn
r(λ1, ..., λn−2) = det(T 1, Th
′
1, ..., Th
′
tj
).
Fixing the values λ1, ..., λn−2, the point q ∈ Ck(λ1, ..., λn−3) is not a point of
HjC
k(λ1, ..., λn−3) if and only if r(λ1, ..., λn−2) is not zero. As q
′ is not a point
of HjC
k(λˆ1, ..., λˆn−3), we have that r(λˆ1, ..., λˆn−2) 6= 0 (in particular, r is not
identically zero). The set ℧′j ⊂ Pn, where the analytic function r does not vanish,
is the sought after open set. 
Now, let us recall the map:
Ck(λ1, ..., λn−3) //
gj
,,
P
n−1 //❴❴❴ P(Q(r − j)) , 0 ≤ j ≤ r − 1,
where r = (n− 1)(k − 1)− 2, Q(r − j) is the C-vector space of the proposition 10.
Considering an automorphism of P(Q(r− j)), we can obtain the normal form of gj
in π(p):
gj(ζ) = [1 : g(1 j)(ζ) : g(2 j)(v) : · · · : g(tj j)(ζ)],
where tj := s(r − j) − 1 = dimCQ(r − j) − 1, and the following inequalities are
satisfied for each 0 ≤ j ≤ r − 1:
(⋆)
{
i ≤ li := Ordg(i j)(v), for all 1 ≤ i ≤ tj ,
Ordg(i j)(v) < Ordg(i+1 j)(v), for all i ≥ 1.
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Remark 16. For fixed j ∈ {0, . . . , r−1} the equality li = i, 1 ≤ i ≤ tj, is valid when
π(p) is not a hyperosculation point of the morphism Ck(λ1, ..., λn−3)→ P(Q(r−j)).
The idea of the rest of the proof is to construct the normal form of the canonical
embedding fc : C
k(λ1, ..., λn−2) → Pg−1 at the point p using the functions g(i j).
We divide the proof into two cases:
Case 1: (n− 1)(k − 1)− 2 < k.
Case 2: (n− 1)(k − 1)− 2 ≥ k.
Case 1: Let us suppose that (n−1)(k−1)−2 < k; that is (k, n) ∈ {(2, 4), (3, 3)}. In
example 13 we have analyzed the case (k, n) = (2, 4). Let us consider a generalized
Fermat curve C3(λ) of type (3, 3) and the morphism π : C3(λ) → C3 , previously
defined. Observe that H0(C3(λ) : ω) ∼= H0(C3(λ) : O(2)) = C[x0, x1, x2, x3]2
(forms of degree 2 of the polynomial ring C[x0, x1, x2, x3]). Then, the canonical
embedding fc is given by the following composition:
C3(λ)
f
//
fc
((
P3
ν2
// P9 .
Now let us consider the following morphism:
C3 //
g:=ν2◦f˜0
++
P2 // P(Q(2)) ∼= P5 ,
where Q(2) is the C-vector space of Proposition 10, f˜0 the natural embedding of
C3. Let us consider the normal form of f˜0, and of g:
f˜0(ζ) = [1 : f˜(0 1)(ζ) : f˜(0 2)(ζ)], g(ζ) = [1 : g1(ζ) : g2(ζ) : · · · : g5(ζ)],
When π(p) is not a hyperosculating point of f˜0 : C
3 → P2, we obtain that
Ordf˜(0 i)(ζ) = i, i ≤ 2. We also obtain that Ordgi(ζ) = i, i ≤ 4 and Ordg5(ζ) ≥ 5.
Observe that Ordg5(ζ) = 5 if and only if π(p) is not a hyperosculating point of the
embedding g : C3 → P5. As in this case, ζ := π(z) := z3, if we define the functions
hi(z) :=


gi(z
3), if i = 1,
zf˜(0 1)(z
3), if i = 2,
g2(z
3), if i = 3,
f˜(0 1)(z
3)f˜(0 2)(z
3), if i = 4,
gi−2(z
3), if 5 ≤ i ≤ 7,
then the normal form of the canonical embedding fc is given as
fc(z) = [1 : z : z
2 : h1(z) : · · · : h7(z)].
Additionally, we obtain
ai = i, 1 ≤ i ≤ 5, a6 = 7, a7 = 8, a8 = 10, a9 = 13, a10 ≥ 16,
so wˆ(p) = 14 ≤ w(p). The equality is fulfilled when π(p) is not a hyperosculating
point of the embedding g : C3 → P5. The proof, for this situation, now follows
from Lemma 15.
Case 2: In the rest of we assume that (n − 1)(k − 1) − 2 ≥ k, and we define the
functions
h(i j)(z) := z
jg(i j)(z
k), 0 ≤ j ≤ k − 1, 1 ≤ i ≤ tj .
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Considering an automorphism of Pg−1, where g is the genus of S, we can suppose
that the canonical embedding f around the point p is
f(z) := [1 : · · · : zk−1 : h(1 0)(z) : · · · : h(1 k−1)(z) : h(2 0)(z) : · · · : h(r k−2)(z) :
: h(r+1 0)(z) : · · · : h(t0 0)(z)],
where r = tk−1 + 1.
Let ai, 1 ≤ i ≤ be the gap values of p. Since ki + j ≤ kli + j = Ordh(i j)(z),
1 ≤ j ≤ k − 1 and 1 ≤ i ≤ tj , the following inequality is obtained
k−1∑
j=0
tj∑
i=0
(ki+ j + 1) ≤
g∑
i=1
ai.
By Proposition 10, we have
k−1∑
j=0
tj∑
i=0
(ki+ j + 1)− g(g + 1)
2
=
1
24
(k − 1)(kn−1 − 2)(kn + kn−1 − 12),
from which we obtain the inequality part of the theorem, as the weight of the point
p is
w(p) :=
g∑
i=1
ai − g(g + 1)
2
.
Remark 17. Observe that, for each 0 ≤ j ≤ k−1, li = i, for each 1 ≤ i ≤ tj, if and
only if w(p) = wˆ(p). Combining this with Remark 16 we obtain that w(p) = wˆ(p) if
and only if π(p) is not a hyperosculating point of the morphism Ck(λ1, ..., λn−3)→
P(Q(r − j)) for all 0 ≤ j ≤ k − 1.
As the set ℧ of the Lemma 15 satisfies the condition of the previous remark, this
finishes the proof of the last part of the theorem.
3.3. On the Example 14. Now we will verify that the bound of Theorem 11 is
not achieved in Example 14. Consider the morphism π : C5(−1)→ C5 : [x0 : x1 :
x2 : x3] → [x0 : x1 : x2]. As seen in the introduction [1 : 1 : − 5
√
2] is a Weierstrass
point of C5, and in particular is a hyperosculating point of C5 → P(Q(6)), (this
morphism is the canonical embedding). By virtue of Remark 17 we obtain that
wˆ(p) < w(p).
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